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On a Type of Spacetime

SAHANOUS MALLICK AND UDAY CHAND DE

ABSTRACT. The object of the present paper is to study a special type
of spacetime. It is proved that in a conformally flat (W RS)4 spacetime
with non-zero scalar curvature the vector field p defined by g(X, p) =
E(X) is irrotational and the integral curves of the vector field p are
geodesics. We also show that a conformally flat (W RS)4 spacetime
with non-zero scalar curvature is the Robertson-Walker spacetime. Next
possible local cosmological structure of such a spacetime is determined.
Finally, we construct an example of a conformally flat (W RS)4 space-
time with non-zero scalar curvature.

1. INTRODUCTION

The present paper is concerned with certain investigations in general rela-

tivity by the coordinate free method of differential geometry. In this method
of study the spacetime of general relativity is regarded as a connected four-
dimensional semi-Riemannian manifold (M*, g) with Lorentz metric g with
signature (—, 4+, +,+). The geometry of the Lorentz manifold begins with
the study of the causal character of vectors of the manifold. It is due to
this causality that the Lorentz manifold becomes a convenient choice for the
study of general relativity.
Here we consider a special type of spacetime which is called conformally flat
weakly Ricci symmetric spacetime. A Riemannian manifold is said to be
Ricci symmetric if its Ricci tensor S # 0 and satisfies the condition V.S = 0,
where V denotes the operator of covariant differentiation with respect to the
metric tensor ¢g. In 1993 Tamdssy and Binh [22| introduced the notion of a
weakly Ricci symmetric manifold. A non-flat Riemannian manifold (M™, g)
(n > 2) is called weakly Ricci symmetric if its Ricci tensor S is of type (0, 2)
satisfies the condition

(1) (VxS)(Y,2) = A(X)S(Y, Z) + B(Y)S(X, Z) + D(2)S(Y. X),
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where A, B, D are three non-zero 1-forms. Such an n-dimensional manifold
was denoted by (WRS),. If A= B = D = 0, then the manifold reduces
to a Ricci symmetric (V.S = 0) manifold. If in (1) the 1-form A is replaced
by 2A, B and D are replaced by A, then the manifold is called a pseudo
Ricci symmetric manifold introduced by Chaki [2]. Also if in (1) the 1-form
A is replaced by 2A, then the manifold is called a generalized pseudo Ricci
symmetric manifold introduced by Chaki and Koley [3|. So the defining
condition of a (WRS),, is little weaker than that of a generalized pseudo
Ricci symmetric manifold. In a recent paper De and Ghosh [6] cited an
example of a (WRS),. In this connection we mention the works of Defever
et al. [8], Shaikh et al. [20], Kaigorodov [12|, De and Ghosh [5|, Chaki
and Roy [4], De et al. [7], Guha and Chakraborty [11]|, Prvanovic [16, 17],
Tamdassy and Binh [21| and many others.

This paper is organized as follows: After preliminaries, in Section 3, we
show that in a conformally flat (WRS)s spacetime with non-zero scalar
curvature the vector field p defined by g(X,p) = E(X) is irrotational and
the integral curves of the vector field p are geodesics and this spacetime is
the Robertson-Walker spacetime. In this Section we also prove that in a
perfect fluid conformally flat (W RS)s with non-zero scalar curvature the
fluid has vanishing vorticity and vanishing shear. Next we prove that if
in a conformally flat (W RS)4 perfect fluid spacetime with non-zero scalar
curvature the velocity vector field is always hypersurface orthogonal, then
the possible local cosmological structure of the spacetime are of Petrov type
I, D or O. Finally, we construct an example of a conformally flat (W RS),
spacetime with non-zero scalar curvature.

2. PRELIMINARIES

In the study of a (WRS), spacetime an important role is played by the
1-form ¢ defined by

0(X)=B(X)— D(X).
Lemma 2.1 ([5]). If 6 # 0, then the Ricci tensor is of the form
(2) S(X,Y) =rE(X)E(Y),
where E is a non-zero 1-form defined by
(3) E(X) = g(X,p),
7 is the scalar curvature and p is called the basic vector field of (WRS)4.

Proof. Let L denote the symmetric endomorphism of the tangent space of a
(WRS),4 at each point corresponding to the Ricci tensor S. Then

g(LX,Y)=S(X,Y),
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for all vector fields X, Y.
From (1) it follows that

(Vx9)(Y,2) = (Vx9)(2,Y) = [B(Y) = D(Y)]S(X, Z)
+[D(2) - B(2)]5(X,Y),

(5) [B(Y) - D(Y)]S(X, 2) = [B(Z2) — D(2)]S(X,Y),

since S is symmetric.
Since §(X) = B(X) — D(X), the equation (5) becomes

(6) Y)S(X,Z2) =6(2)S(X,Y).

Putting X = Z = ¢; in (6) and taking summation over i, 1 < i < 4,
where {e;} is an orthonormal basis of the tangent space at each point of the
manifold, we get

(7) o(Y)r = 6(LY),

where 6(X) = g(X, v) for every vector field X and r is the scalar curvature.
From (6) we have

d()S(X,Z)=0(2)S(X,v)=0(Z2)g(LX,v) =6(Z)0(LX).

Hence using (7) we have

L 3X) 8(2)
) S =10 Vo)
Suppose FE(X) = \%)((V)) and g(X,p) = E(X), p is a unit vector. Then (8)

can be written as
S(X,Z)=rE(X)E(Z),

which completes the proof of the Lemma. O

A semi-Riemannian (W RS)4 may similarly be defined by taking a Lorentz
metric g with signature (—, +,+, +). All the above relations will also hold
in such a (WRS)jy.

Now we take p as a timelike vector field. Then we have from (2)
S(X,Y) = rE(X)E(Y),
9) or S(X,p)=-rE(X), since E(p)=g(p,p)=—1,
or S(X,p)=-rg(X,p).
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3. CONFORMALLY FLAT WEAKLY RICCI SYMMETRIC SPACETIMES

In this section we consider conformally flat (W RS), spacetime with non-
zero scalar curvature. Then divC = 0, where ‘C’ denotes the Weyl’s confor-
mal curvature tensor and ‘div’ denotes divergence.

Hence we have [9]

(10) (VxS)(Y,2) ~ (V28)(¥, X) = < [g(¥; 2)dr(X) — g(X, ¥ )dr(2)].
Equation (2) implies
1) (V2S)(X,Y) = dr(Z)E(X)E(Y)
+r[(VzE)X)E(Y)+ E(X)(VZE)(Y)].
Substituting (11) in (10) we get
dr(X)E(Z)EY) +r[(VxE)(Z)E(Y)+ E(Z)(VxE)(Y)]

12— dr(ZE(Y)EZ) ~ r[(V2E)(Y)E(X) + B(Y)(V2E)(X)]
= [, 2)dr(X) — (X, V)ar(2)].
Let {e;} (1 = 1,2,3,4) be an orthonormal basis of the tangent space

at each point of the spacetime. Setting Y = Z = ¢; in (12) and taking
summation for 1 < i < 4, we get

(18)  —2dr(X) = dr(p)B(X) + rei(Ve, B)(e) B(X) + (¥, E)(X),

where €¢; = g(e;, €;), since p is a unit timelike vector field, that is, g(p, p) =
—1land (VxE)(p) =0.

Now setting Y = Z = p in (12) and using (VxE)(p) = 0 and g(p,p) =
E(p) = —1, we get

(14) Ldr(X) + Ldr(p) E(X) = ~r(Y,E)(X).
Substituting (14) in (13), we get

(15) %dr(X) _ —édr(p)E(X) +res(Vo, E) (e E(X).
Putting X = p in (15) yields

(16) 24r(p) = —rei(Vo, ) er).

From (15) and (16) it follows that

(17) dr(X) = —2dr(p)E(X).

Setting Y = p in (12) and using (17), we obtain

(18) (VzE)(X) = (VxE)(Z) =0,

for all X, Z, which implies that the 1-form F is closed.
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Hence it follows that

which means that the vector field p is irrotational.
Now putting Z = p in (19) we get

(20) 9(Vxp,p) = 9(V,p, X).

Since g(Vxp, p) =0, from (20) it follows that g(V,p, X) =0 for all X.
Hence V,p = 0. This means that the integral curves of the vector field p
are geodesic.

Thus we can state the following:

Theorem 3.1. In a conformally flat (W RS)4 with non-zero scalar curvature
the vector field p defined by (3) is irrotational and the integral curves of the
vector field p are geodesics.

We now consider the scalar function f = %drﬁp ).
We have
1 dr(p) >
21 = - X — X).
@ Vit = 1 80ar(x) + Lirip, x)

On the other hand, (17) implies
d’r(Y,X) = =2[d*r(p,Y)E(X) + dr(p)(VxE)Y]
from which we get by using (18)
(22) d*r(p,Y)E(X) = d*r(p, X)E(Y).
Putting X = p in (22) it follows that
Pr(p,Y) = —d’r(p, p)E(Y) = hE(Y),

since E(p) = —1 and where h is a scalar function.
Thus
(23) Vx[f = pE(X),

where p = g-[h + dTT(p)dr(p)], using (17).
Using (23) it is easy to show that
_ 1dr(p)

w(X) 6 r

E(X) = fE(X)

is closed.
Using (17) and (18) in (12) we get

B3 E)(Y) - EX)(V2E)(1)] = T g0, 2)8(0x) g, v) (2

Now putting Z = p in the above expression yields
(24)

(v B) () = < B0 BY) + (X, ¥)] = FIBEOBY) + (X, V)]
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Thus, (24) can be written as follows:
(25) (VxE)(Y) = f9(X,Y) + w(X)E(Y),

where w is closed. But this means that the vector field p corresponding to
the 1-form E defined by g(X, p) = E(X) is a proper concircular vector field
[19, 23|.

K. Yano [24] proved that in order that a Riemannian space admits a concir-
cular vector field, it is necessary and sufficient that there exists a coordinate
system with respect to which the fundamental quadratic differential form
may be written in the form

(26) ds* = (da')* + quzﬁdxadxﬁ,

where g} 5 = ggﬁ(aﬂ) are the function of z7 only (a,3,7,6 = 2,3,....,n)
and ¢ = g(z') # constant is a function of ! only. Similarly, we can prove
that a Lorentzian space with the metric of signature (—, 4, +,+) admits a
concircular vector field if and only if there exists a coordinate system with
respect to which the fundamental quadratic differential form may be written
in the form

(27) ds? = —(da')? + quzgdxo‘dmﬁ.

Then if a (W RS)4 spacetime is conformally flat, that is, if it satisfies (10), it
is a warped product —I X ¢ M*, where (M*, g*) is a 3-dimensional manifold.
A. Gebarowski [10] proved that the warped product I x.q M* satisfies (10)
if and only if M* is an Einstein manifold. Thus if (W RS), satisfies (10), it
must be a warped product —I X ¢« M*, where M* is an Einstein manifold. But
a 3-dimensional Einstein manifold is a manifold of constant curvature. Hence
a conformally flat (W RS)4 can be expressed as a warped product —1I X ca M*,
M?* is a manifold of constant curvature. But such a warped product is the
Robertson-Walker spacetime. Hence we conclude the following:

Theorem 3.2. A conformally flat (W RS)4 spacetime with non-zero scalar
curvature is the Robertson-Walker spacetime.

Finally, we consider conformally flat (W RS), perfect fluid spacetime.
Then the energymomentum tensor T is of the form [13, 14]

T(X,Y)=(p+0o)E(X)E(Y) +pyg(X,Y),

where o is the energy density and p is the isotropic pressure of the fluid.
The velocity vector field p of the fluid corresponding to the 1-form E is
a timelike vector field. We assume that the velocity vector field of the
fluid is hypersurface orthogonal and the energy density is constant over a
hypersurface orthogonal to p. From Theorem 3.1 we get that the integral
curves of p in a conformally flat spacetime are geodesics, the Roy Choudhury
equation [18] for the fluid can be written as

(28) (VXE)(Y) =w(X,Y) +7(X,Y) + flg(X,Y) + E(X)E(Y)),
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where @ is the vorticity tensor and 7 is the shear tensor respectively.
Comparing (24) and (28) we get

(29) H(X,Y) +7(X,Y) = 0.

Again from Theorem 3.1 it follows that p is irrotational. Hence the vorticity
of the fluid vanishes. Therefore ©(X,Y) = 0 and consequently (29) implies
that 7(X,Y) = 0. Thus we can state the following:

Theorem 3.3. In a perfect fluid conformally flat (W RS)4 spacetime with
non-zero scalar curvature, the fluid has vanishing vorticity and vanishing
shear.

According to Petrov classification a spacetime can be devided into six
types denoted by I, II, III, D, N and O [15]. Again Barnes [1] has proved
that if a perfect fluid spacetime is shear free, vorticity free and the velocity
vector field is hypersurface orthogonal and the energy density is constant
over a hypersurface orthogonal to the velocity vector field, then the possible
local cosmological structure of the spacetime are of Petrov type I, D or O.
Thus from Theorem 3.3 we can state the following:

Theorem 3.4. If in a conformally flat (W RS)4 perfect fluid spacetime with
non-zero scalar curvature the velocity vector field is always hypersurface or-
thogonal, then the possible local cosmological structure of the spacetime are
of Petrov type I, D or O.

4. EXAMPLE OF A CONFORMALLY FLAT (WRS)4 SPACETIME

In this section, we prove the existence of a conformally flat (WRS)4
spacetime with non-zero non-constant scalar curvature by constructing a
non-trivial example.

Let us consider a Lorentzian metric g on R* by

(30) ds? = gjjdz'de? = (14 2¢)[(dz')? + (dz?)? + (dx®)? — (dz*)?],

zl
where ¢ = <5 and k is a non-zero constant, (i,j = 1,2,3,4). Here the sig-

nature of g is (4, +, +, —) which is Lorentzian. Then the only non-vanishing
components of the Christoffel symbols and the curvature tensors are:

q q
Fh:lﬂ}m:ﬁz:lﬂi’s:réﬁ:1+2q7 F%2:F§3:—71+2q7
q q
Ris91 = Ri331 = , Rigag = ————,
1221 1331 1+2g 1441 1+ 2¢
2 2

q
Rosao = R3quz = —

q
Roaag = — 2
2327 1 9y 1+2¢
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and the components obtained by the symmetry properties. The non-vanishing
components of the Ricci tensors and their covariant derivatives are:
(31)

3q q q
Rii1=——7"—- Roy = Ran = Rus = —
11 1 +29)2 22 33 = 7 t2q 44 171 2g
3q(1 —2q) q

Ryj1= "2 2 Ry = R3ys1= ————

11,1 (1+2q)3 ) 22,1 33,1 (1—1—2(])2’

q

Ry i=——+——.

T 22

It can be easily shown that the scalar curvature r of the resulting space

(R4, g) is r = ?ff;; )qg),, which is non-vanishing and non-constant. We easily

show that R? is conformally flat. We shall now show that R? is a coformally
flat (W RS)4 spacetime. Let us choose the associated 1-forms as

1 .
— fori=1
32 Ai(x) = 2
(32) i() {O otherwise,
—44 for =1
33 B:(z) = 14-2q
(33) i() {O otherwise,
2 fori=1
34 D;(z) = { 1%
(34) i() {O otherwise,

at any point x € R*. With these 1-forms we can easily check that (R, g)
is a conformally flat (W RS)4 spacetime whose scalar curvature is non-zero
and non-constant. Thus we can state the following:

Theorem 4.1. Let (R, g) be a 4-dimensional Lorentzian space endowed
with the Lorentzian metric g given by

ds? = gijdr'dr? = (14 2¢)[(dz')? + (dz?)? + (dz®)? — (da*)?],

Il
where ¢ = 5 and k is a non-zero constant, (i,j = 1,2,3,4). Then (R4, g) is

a conformally flat (W RS)4 spacetime with non-zero and non-constant scalar
curvature.

5. CONCLUSION

In general relativity the matter content of the spacetime is described by
the energy momentum tensor T which is to be determined from physical
considerations dealing with the distribution of matter and energy. Since
the matter content of the universe is assumed to behave like a perfect fluid
in the standard cosmological models, the physical motivation for studying
Lorentzian manifolds is the assumption that a gravitational field may be
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effectively modeled by some Lorentzian metric defined on a suitable four di-
mensional manifold M. The Einstein equations are fundamental in the con-
struction of cosmological models which imply that the matter determines
the geometry of the spacetime and conversely the motion of matter is deter-
mined by the metric tensor of the space which is non-flat. Relativistic fluid
models are of considerable interest in several areas of astrophysics, plasma
physics and nuclear physics. Theories of relativistic stars (which would be
models for supermassive stars) are also based on relativistic fluid models.
The problem of accretion onto a neutron stars or a blackhole is usually set
in the framework of relativistic fluid models.

The physical motivation for studying various types of spacetime models in
cosmology is to obtain the information of different phases in the evolution of
the universe, which may be classified into three phases, namely, the initial
phase, the intermediate phase and the final phase. In the present paper it is
shown that a conformally flat (W RS)4 spacetime with non-zero scalar cur-
vature is the Robertson-Walker spacetime. This means that the spacetime
is homogeneous and isotropic. Also we prove that if in a conformally flat
(WRS)4 perfect fluid spacetime with non-zero scalar curvature the velocity
vector field is always hypersurface orthogonal, then the possible local cosmo-
logical structure of the spacetime are of Petrov type I, D or O. Finally, we
construct an example of a conformally flat (W RS)4 spacetime with non-zero
scalar curvature.
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